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EXAampleS

Steel railroad rail resting on v
. . . Deflection;
timber cross ties. Elastic greatly exaggerated

foundation consists of the
ties, the ballast and the
subgrade.

p (N/m)

Thin-walled circular cylinder
subjected to rotationally

symmetrical loads.
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‘W Deflection;
greatly exaggerated
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Continuous or
discontinuous (discrete).

Linear or nonlinear.




EEamsion WinlderEoundation

Linearly Elastic Foundation Models

\Winkler Model (1867)

The intensity of the pressure (reaction) developed at

any point is proportional

to the deflection of the — L

beam at that point. It is

independent of the
pressure at nearby joints.

>
- J[,ﬂ 3 Z
pl = force
y;’v unit Ienglperh

Foundation consists of a series of independent

springs (one-parameter foundation)

Deflection at every point of the
foundation is proportional to the
pressure applied at that point. It
is independent of the pressures
at nearby points.

Winkler foundation
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20 izl Synizirle Loziel:

The equation is of the same form as that for beam on
elastic foundation

W <>V D < Ely Eh 5«
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EXAMPIES

Simply supported beam of finite length on Winkler
Foundation, subjected to uniformly distributed loading

v =(A 4 cos Bz + A 5 sin Bz)cosh [3z
+ (A 3 cos Bz + A 4 sin Bz)sinh 3z

Choosing the origin to be at the center, then

]

A,=A3=0[] duetosymmetry




Beam 4 —>1 e
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WT**TW
force per
Y unit length
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\ankler Foundatlon
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Linearly Elastic Foundation Models
Winkler Model (1867

1)

Deflection at every point of the
foundation is proportional to the W’%ws %}Wm

Winkler foundation

pressure applied at that point. It
is independent of the pressures

at nearby points.

P dz
Beam |
o
IYYYY rd
Y Pf =force per
V.V unit length

P, =xVv where k = foundation modulus - force/unit area

EEamsion WinlderEoundation

Pasternak Model (1954)

Elastic layer - Winkler springs connected by a shear

layer with stiffness K;(two-parameter foundation).

? S — :
pf=KV_K1M] Emm

2
dz Winkler foundation

Governing Equations for a Straight
Beam on a Winkler Foundation

Static Relations - Equilibrium
Py
dvy = p =y - FYYYY vy
dz y :I l( l,
dm, Wi
—Jp— L J Pt =KV
dz y Y, V e
dz
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Governing Equations for a Straight

Beam on a Winkler Foundation

:l Static Relations - Equilibrium

or

v,

dz
dM,

dz

]

=....Vy

d*M,

dz?

=~ py+xv[]

Winkler foundation

»Z
Py
- Y Vy +dVy
‘('1 T ')M,mlul,
vy 1t
L ] Pr =KV
Y, V fe—>
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Governing Equations for a Straight
Beam on a Winkler Foundation

4] Kinematic Relation >Z
Py
:l ” =_d2V:| S m“'v"'dvv
o X dz? "(1 T )M,mm,
St : Vy 11
Constitutive Relation 4 Pr =KV
Sl
M, =El, k,
2
=_E|x"—d Vj Beam lp i
dzz 0 L .
FARR Z
o P lRe
P

P; = force per
Y T unit leFl"wgth
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Governing Equations for a Straight

Beam on a Winkler Foundation

Governing Equation >z
Py
d? d?v)_ L, Tffv,wv,
azZ (5% azz) =Py TV (ML e e
Yy Tt
Pt = KV
for uniform beams Y, V '?z"
d*v
Ely gz * V= Pyl ] boam 1P
O j--
FAEE Z
Pt = = force per
v, unit length

|ESJEJEI|EI}
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EEamsion WinlderEoundation

Governing Equations for a Straight

Beam on a Winkler Foundation

General Solution

Let

=4/_K
b=y 7e,
v=el2(C, cos pz+ C, sin pz)
+ e 1% (C, cos pz + C, sin pz)+v,

where V,= particular solution.

*sz
0

X} r 4 :
v "= i Tongth

Z
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Governing Equations for a Straight
Beam on a Winkler Foundation

In terms of hyperbolic functions
v=[(C4+Cj3)cos Bz +(Cy+Cy)sin Bz]cosh Bz

+[(C4 +C3)cos Bz +(Cy+ Cy)sin Bz] sinh Bz
+v

[

| .|

P

I

1

P dz
1 Beam l'
Al LA AL & Zz
L pi = force per
v,V unit length

Infinite beams with
concentrated loads

Semi-infinite beams
with concentrated loads

Beams of finite length

Distributed loads










SPECIdIeases

Infinite Beams with Concentrated Loads, vp =0

The origin is selected to
be at the location of the
concentrated load P

The deflection, slope, shear | Y, V

and moment are assumed to
be zero at the ends.

c1=cz=0|:| v St .
v=e72(Cjcos pz + C,4 sin pz) m—z

z
M x
x ﬂi -3 -
P/2 .
vV = P/2
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] Conditions at z=0

dv _
dz :

—B(C4—-C;3)=0 |
or, C4=C3 =C

ZJva dz=P|[]
0

VY|Z=0=- dza
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% Conditionsatz=0 | . _.
% vm=g ]
0 (w20
Pf=—P2—B 4] ez il T
=

SPECIAINed5eS

Conditionsat z=0

Pp

i e~PZ (cos Pz + sin pz )| ]

g |

2
g—%=-— Pg e~ zsmBz]

%
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Conditionsat z=0

:
H Blgzz =~ Mx
z 5
L S .. T
ax b— i — i
0 M n %
: { —» P/2
Z 'T‘%‘Z
Y,V 135

Conditionsat z=0

dv _
EI? = Vy

I |

W:
“ﬁ-z
- e v=ni
M g__| z
P ¢ x 411-% |‘—ﬁ
— P/2 2
2™ vy ng‘z
Y,V —i 35
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\Xhat does infinitely long beams mean?

The expression for the displacement of v

= :—E e"Bz(cos Bz + sin 3z) :l

can be written in the form

\Xhat does infinitely long beams mean?
[= — It is a damped sinusoid.
[ — The wavelength A, is given by




A\ /4

SPECIAIeases

hat does infinitely long beams mean?

g

If the wavelength A, is much smaller than the
length of the beam, then the beam can be
considered to be of infinite length.

SPEUIAINed5ES

Semi-Infinite Beam with Concentrated Loads at its End
®* The origin is selected to be at the loaded end.
* The deflection, slope, shear and moment are assumed

to be zero at the far end.

C,=C,=0[]|v=e"2(C;cos pz+C,sinpz)[

Conditionsat z=0

{

d2v
M,=-El=—

d3v
P,=-El =—{"




Semi-Infinite Beam with Concentrated Loads at its End
:[ Conditionsat z=0

2 3
| M, =-El 9V [] Py =—-El SV

Cy= _K*—B(Po + B My)[]

v = ‘TB' e P2 [P, cos Pz + 2 M, (cos Pz - sin pz)][ ]
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Beams of Finite Length Subjected to Concentrated
Load at the Center

The origin is selected at the center.
Conditions at the center

dz=9 + W=3

Conditions at z =1L/2
M, =0
V,=0

For a beam of finite length L subjected to a concentrated
load at the center, if the origin is selected at the center

_ PP 2+cos L +cosh L |-
Ve = 2k  sin L +sinh BL H

_ p coshpL +cos Pl :|
°_4B sin L +sinh BL |-
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For a beam of finite length L subjected to a concentrated
load at the center, if the origin is selected at the center

_ 2 PP cos (PL/2) + cosh (BL/2)

K

o _ 4 cos (BL/2)cosh (BL/2)

sin BL + sinh BL Pl

V.  2+cos PBL+coshfL
A
L = & 1.0 L . L
A 2% Le &
= Ve e
Vc - —- -t
0.5-1— @ V7777 e z
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Infinite Beams Subjected to Distributed Loads
The loading is uniform over a central

region, and the intensity is P, a b
The loading on an element dz r_ .GETA +| Po
produces a displacement dv at z
point A L]

y, Vv




SPECIAIeases

Infinite Beams Subjected to Distributed Loads
The loading is uniform over a central
region, and the intensity is P,

The loading on an element dz

produces a displacement dv at

point A B
dv=p,dz5e" Pz (cos Pz + sin pz) []

The total displacement at point A is given by

VoS —— : e'Bz(cos Bz + sin [z)dz

2x Jo

b
-Pz cos + sin z
+ | P(cos e +sin pajo

SPEUIAINed5ES

Infinite Beams Subjected to Distributed Loads
The total displacement at point A is aiven bv

=PoB(? - + sin z
VA--E-I-:—G ¢ Bz(cos[}z in Bz)d
b
-z cos + sin z
+ | " e7P(cos a + sin e

where a and b are the distances from point A to the
extremities of the loaded area

or, = po [2 e—Ba cos Ba e‘ﬁb COS Bb] :l

The total bendlng moment is given by

= 452 % e sin pa + e sin pb][]
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. Infinite Beams Subjected to Distributed Loads
Ll At the midpoint of the loaded area, a=b = L/2

BL1E L/2>}< L/2
M0=&e-m—’2 gﬂﬁ&] I"_L; i

y, v

SPECIdINed5eS

| Infinite Beams Subjected to Distributed Loads

Define the four functions:

Ag, = e P (cos Bz + sin pz)[ ] |‘-u2->|<-%u2-1 o

- -
BBz=e_Blsin ﬂz:l |‘_'-; i

y; v

CBz=e'B' (cos Bz -sin Bz)[]

Dﬁfe‘B‘cos Bz []
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= Infinite Beams Subjected to Distributed Loads

5 Define the four functions:

-2 e . Wm,:z
- dv__PB*; - Lvslv

= dz ~ kK Pz

SPEUIAINed5ES

| Infinite Beams Subjected to Distributed Loads
= Define the four functions:

- p;KBU: A, dz +Lb Ag, dz]




EXAmples
from which
] —p, 2cos (BL/2)cosh (BL/2)
::l Ay = cos 3L + cosh 3L :I
K
A =Po 2 sin (BL/ 2) sinh (BL/ 2) ]
" cos [BL + cosh BL

po-] 2 cos (BL/2) cosh (PBL/2 n
K | ) cos [JL + cosh BL




EXAIMPIES;

Symmetry Conditions

v(z) = V(-2z) P } ‘
& D =g hv
m—z
d?v d?v —
— (Z) == —(=Z S ————— z
dz? (z) dzz[ H & —§—
z
d3v d3v My x Vi
—3 (z2) ===—s(-z)[] *
dz dz P/2
Vy —L p/2
—1 35




EXAMpIlES ‘l

Symmetric (Even) Functions

cos Bz ., cosh Bz ., cos Bzcosh Bz .
sin 3z sinh Bz

|

Antisymmetric (Odd) Functions

= sin Bz , sinh Bz , sin Bz cosh Bz , o
cos 3z sinh Bz

—|2.0
Viinite
Vinfinite \

————————— 1.0
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EXaMpPIES;

0.001 1.0000 g.oo10 0.9920 0.9990
0.002 1.0000 0.0020 08960 05980
0.003 1.0000 0.0030 0.9940 09970
0.004 1.0000 0.0040 09920 0.9960
0.005 1.0000 0.0050 05500 09950
0.006 1.0000 0.0060 09880 0.9940
0.007 09999 0.0070 09861 0.9930
0.008 09999 00080 09841 0.9920
0.009 0.9999 00087 09821 059910
0.010 0.9999 0.0099 0.5801 0.5900
0011 0.999% 00109 05781 05830
0.012 0.9999 ooL1e 08761 0.9880
0.013 0.9993 0.0129 09742 09870
0014 09998 0.0138 09722 0.5860
0015 0.9998 00148 09702 09850
0.016 09997 00158 09683 0.9840
0.017 0.9997 00167 09663 05830
0.018 0.9997 00177 05643 09820
0.019 0.9996 001g7 0.9624 09€10
0.02 0.9996 00196 09604 0.5800
0.03 0.9991 0.0291 05409 0.9700
0.04 09984 0.0324 09216 05600
0.05 09976 0.0476 02025 09501

Il

0.5003

0.10 00203 0Elog
0.15 09796 0.1283 0.7224 03510
0.20 09651 0.1627 06398 0.8024
025 09472 0.1927 0.5619 0.7546
030 09267 02189 04888 0.7078
0.35 09036 0.2416 0.4204 0.6620
0.40 08784 02610 03564 06174
0.45 02515 02774 0.2968 0.5742
0.50 02231 0.2908 02414 0.5323
055 07934 0.3016 0.1902 D4918
0.60 0.7628 0.3099 0.1430 0.4529
D65 0.7315 0.3160 0.0996 04156
0.70 06997 0.3199 00599 03798
0.75 06676 0.3220 0.0237 0.3456
Yam 06448 0.3224 0 0.3224
030 06353 0.3223 —0.0093 03131
0385 06032 03212 —0.0391 0.2821
0.90 05712 03185 —0.0658 0.2527
0.95 0.5396 0.3146 —0.0296 0.2250
1.00 0.5083 0.3096 —-0.1109 0.1987
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EXaMpPIES;

320 -0.0431 00024 -0.0383 00407
3.25 —0.0427 —0.0042 —0.0343 —0.0385
330 -00422 —0.0058 010306 —0.0365
335 -0.0417 =0.0073 -0.0271 -0.0344
340 —0.0408 —0.0085 —0.0238 —0.0323
3.45 —0.03%99 —0.0097 —0.0206 —0.0303
3.50 —0.0388 001086 00177 —0.0283
355 -0.0378 00114 -0.0149 —0.0264
360 00366 00121 -0.0124 —0.0245
365 —0.0354 00126 —0.0101 —0.0227
370 —0.0341 00131 —0.0072 —0.0210
375 00327 00134 00058 00193
320 -0.0314 00137 —01.0040 —0.0177
385 —0.0300 00139 —0.0023 00162
390 00288 00140 -0.0008 00147
5Mm 00278 =0.0140 1 -0.0139
395 -0.0272 00139 0.0005 00133
4.00 —-0.0258 00139 goo1e —0.0120
4.0 -0.0132 00108 0.0085 —0.0023
3f2m —0.0050 =0.00%0 0.0090 0

Il

3ln ~0.0090 —0.0090 0.0090

500 —0.0046 —0.0065 0.0084 00019
7ldn 0 -0.0029 0.0058 0.0029
5.50 0.0000 —0.0029 0.0058 0.0029
6.00 0.0017 —0.0007 0.0031 0.0024
2n 00019 0 0.001% 00019
6.50 00018 0.0003 Doolz 00018
7.00 0.0013 0.0006 0.0001 0.0007
9&4n 00012 0.0006 0 0.0006
7.50 0.0007 0.0005 =0.0003 0.0002
5f=n 0.0004 00004 —0.0004 0




